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■ Abstract: In this paper, we consider the global well-posedness of the de- 

r~| , focusing, - critical nonlinear Schrodinger equation in dimensions n > 3. 

I Using the I-method, we show the problem is globally well-posed in n = 3 

when s > |, and when n > 4, for s > We combine energy increments 
for the I-method, interaction Morawetz estimates, and almost Morawetz 
estimates to prove the result. 

> 

rn '. 1 Introduction 

cn 

, The defocusing, - critical nonlinear Schrodinger equation 

^ . til, .-^ -^ 

O. u{0,x) =uo{x) e H'(W), 



has a local solution on some interval [0,T], T(||uo||//s(j^n)) > when s > 
^ ■ 0. (See m.) dLl]) also has a local solution when uq G L^{W) on [0,r), 

r(uo) > 0, where T depends on the profile of the initial data, not just its 
size. For global well-posedness to fail, and a solution to (|2.2p only exist on 
a maximal interval [0,T=k), T=k < oo, then 

^lim ||n(t)||^s(Rn) = oo (1.2) 
for all s > 0. has the conserved quantities: 

M{u{t))= [ \u{t,x)\'^dx = M{u{0)), (1.3) 
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E{u{t)) = \ J \Vu{t,xrdx + ^^J |n(t,x)|2+4/"dx. (1.4) 

Combining the fact that E{u{t)) is positive definite, the Sobolev embed- 
ding theorem, and ()1.2p : [3j proved (jl.ip is globally well-posed when uq G 

Furthermore, a solution to the equation 

iut + Ati = 

n(0,a;) = no(x), 

can be rescaled in the following manner. If n(t, x) is a solution to (jl.Sp on 
[CTo], then 

1 t X 

is a solution to (jl.5p on [0, A^Tq] with initial data 

1 X 



X2/a --^X' 

a = - is called the L^-critical exponent because a brief calculation will show 
that when a = -, 

\\u\\\l^LI([0,\2To]x-R") = lkllLf>L|([0,To]xR")- (1-6) 
Indeed, for any n-admissible pair {p,q), 

II«a|Il^l|([o,a2To]xR") = II^^IIl?lI([o,To]xR")- (1-7) 
(Admissible pairs will be discussed in greater detail in §2.) 

Many have endeavored to prove global well-posedness for less regular data, 
uq € -?/*(R"), s < 1. The first progress was made in [2], proving global 
well-posedness for s > | when n = 2 via the Fourier truncation method. In 
addition to proving global well-posedness, [2j proved 

u{t,x) -e'^^uoe H^K^). (1.8) 

This method was modified in [6j to produce the I - method, proving global 
well-posedness of (jl.ip when n = 2, s>|. ([6] also discussed the cubic 
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nonlinear Schrodinger equation when n = 3, but that equation will not be 
discussed here, as it is - critical.) 

Since then, several improvements have been made when n = 2. In particular, 
improvements have utilized an almost Morawetz estimate. (See [5], |10].) 
Currently, the best known result for n = 2 is 

Theorem 1.1 (ji.ip is globally well-posed when n = 2 for s > ^. 
Proof: See [l3]. 

In [11] , the I- method was extended to prove global well-posedness results for 
(II. 1|) when n > 3. The chief difficulty with extending to n > 3 is that the 
nonlinearity |m|^/"u is no longer "algebraic" when n > 2. That is, Iwl^/^n is 
no longer a polynomial of u and u when n > 2. Nevertheless, it was proved 
that 

Theorem 1.2 (ji.ip is globally well-posed for s > when n = 3, and 

S > -(--^)Win~2r~^^in^ Jl ^^^^ ^ ^ ^_ 

Proof: See [II]. 

In this paper, we will prove 

Theorem 1.3 When n > 4, (ji.ip is globally well-posed for uq € H^{'R"'), 
s > Moreover, 

(„-2)(l-s)2 

sup ||u(t)||H=(R.) <C(||no|U.(R.))To^^"^-^"-^». (1.9) 
te[o,To] 



Theorem 1.4 When n = 3, (ji.ip is globally well-posed for uq S i?*(R"'), 

n. ' 



sup ||n(t)||^.(R3) <C(||txo||H^(R3))ro^^-^ . (1.10) 

te[o,To] 

Description of Method: 
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For uq £ if'^(R"), s < 1, the I - operator is defined to be the Fourier 
multiplier 

-(6 = 1 ^Ny-s^ (1.11) 
Then if u{t,x) solves (jl.ip . Iu{t,x) solves 

i/nt + /An = /(|n|^/"n), 

/n(o,x) e //^(R"). 
II'"IIh''(R") ^ II-^^IIhi(R")) 



(1.12) 



(1.13) 



so E{Iu{t)) very effectively controls ||^i||_f/s(Rn)- The chief difficulty is that, 
unlike (jl.4p . E[Iu{t)) is not a conserved quantity, rather. 



—E{Iu{t)) = Re j {Iut{t,x)){I{\u{t,x)\'^/''u{t,x))-\Iu{t,x)\^/''Iu{t,x))dx 

(1.14) 

= -Im [ /Ati(t,x)(/(|u(t,x)|^/"u(t,x)) - |/u(t,a;)|^/"Iu(t,x))(ix (1.15) 



+ /my /(|n|4/nn)(/(|u(t, 2;)|^/"u(t, a;)) - \Iu{t, x)|^/'^/u(t, 2:))fix. (1.16) 

To get around the fact that |ii|^/"n is not algebraic, we use the fact that 
can be very effectively approximated by I{\u\^^^). Therefore, the 
analysis of (jl.lSp and (jl.l6p can be split into the analysis of a "main term" 
and also a "remainder term", yielding a smaller energy increment than in 
[11) . For the purposes of this paper, (jl.lSp will be called the linear term, 
and (I1.16P will be called the nonlinear term. 

In §2, some preliminary results from harmonic analysis will be discussed. 
In §3 some of the smoothness properties of |n|'^''"' and that will be 

needed later will be proved. In §4, we will prove 

I £(in5Ddt| < ^IKV)/n||||J/;^^,^,,^„), (1.17) 
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when n > 4. In §5, using a slightly different method, we will prove 

I I'^'mBdt] < ^IKV)/n||i°{J,^^,^j,^„), (1.18) 
when n = 3. In §6 we will prove 



f*^ r,:A/„ \ TTT^, when n = 3; 

1/ ClSldtl < |KV)/n|||;X:.,xR^) 4^, whenn>4: d-^S) 

In §7 we will prove Theorem 11.31 In §8 we will prove an almost Morawetz 
estimate for n = 3, and in §9 we will prove Theorem 11.41 

Remark: (jl.ip is globally well-posed when ||tto||L2{R") is sufficiently small. 
[15j and [16j proved global well-posedness for all uq G L^(R"'), uq radial, 
based on an induction on mass method. This method will not be used here. 



2 Some Harmonic Analysis 

In this section, the harmonic analysis tools that will be needed later will be 
given. Let be the Fourier transform, 

Hfm = J e-''-<f{x)dx. (2.1) 

Definition 2.1 Suppose is a , decreasing, radial function. Also 
suppose, 

_ r 1, Id < 1/2; .2 2^ 
Then define the frequency cutoff 

HP<Mf) = 4>{j^)K0- (2.3) 

P>Mf = f- P<Mf. (2.4) 

PMf = P<Mf -P<Mf. (2.5) 
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Lemma 2.1 When M > N, 

\\P>MU\\fjs(^^n) < ^^^||V/u||i2(Rn). (2.6) 

Proof: By definition of the I-operator, 

||V/P>4ArP>A/u||2,2(Rn) = iV^"'*|||V|''P>4ivP>M'u||L2(Rn), 
SO ^ 

Meanwliile, 

|||V|^P<47V-P>M^x||L2(Rn) < (^2'=)1I^2''-JV^^IIl2(R") 

-5<fc<5 

~ Yl l|V^2'=iV^^llL2(Rn) < ^^||V/n||i2(R„). 

-5<A:<5 

Tliis proves tlie lemma. □ 

Lemma 2.2 Suppose n > 3. A pair (p, q) is called admissible if 

2 .1 1^ . . 

-=n{---),p>2, 2.7 
p 2 g 

l|e**^^o||LfL|(JxR") ^ ll^io||L2(R"), (2.8) 
for pairs {p,q) that satisfy 7[ ). 

Proof: See |19j for the case p > 2 and [14J for p = 2. □ 

There is a very useful space of functions, called the Strichartz space. 

\W\\so{jx-R") = sup \\u\\lplI{JxR")- (2-9) 

{p,q) admissible 

Let p' denote the dual exponent to ^ = 1 — The dual space to (|2.9[) is 



'^"^'"^"^ " M idlssible II^I'Lf'Ll'CJxR")- (2.10) 



If 
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then 



iut + An = F, 
u{a) = uo, 



(2.11) 



ll'"lls'"([a,;']xR") ^ II^o||l2(R") + 11-^11 ArO([a,fe]xR")- (2-12) 

See [19] for more information on this space. 

Finally, the bihnear Strichartz estimate when n = 3 will be used to resolve 
one technical issue. 

Theorem 2.3 For any spacetime slab I x R'^ and any to G /, and for 

any 5 > 0, suppose M « N, u is supported on frequency \^\ > N, v on 
frequency \^\ < M , 

II^^IIl,%(/xR3) < C('5)^^T7^(lk(*0)||L2(R3) + \\{ldt + A)u||ili2(/xR3)) 

x(II^'(*o)||l2(r3) + + A)7;||iii2(jxR3)) 

(2.13) 

Proof: See [^. 

3 Smoothness Estimates 

The principle difficulty that arises for n > 3 is that the nonlinearity |tt|'*/"u 
is no longer algebraic. To circumvent this problem, it is necessary to under- 
stand how the smoothness of lu affects the smoothness of /(|n|^/"). 

Theorem 3.1 Suppose n = 3,4. If M > N , 



(3.1) 



u 



2-4/n Ili-'^/^CR") ~ Ms]^l-s\\\^ /'^'^\\L^■R")■ 



IfM <N, 



(3.2) 
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Proof: 

Case 1, M > N : Split the data, u = ui+u^ with ui = P<mu, Uh = P::>mu- 
By elementary calculation and the Leibniz rule 

)i/rl— s 

^l^mM%}^.y (3.3) 
l|V-^ll^./.(R.) < ^IKV)/n||;/V,. (3.4) 



Therefore, 



(3.5) 

On the other hand, by lemma [2TT1 M > N, 

hhh^R") ^ ^ll|V|'n/,||i2(Rn) < ^^^^|KV)/n||i2(R,n). 

2 

The functions F{x) = \x\ and G(x) = ^ are Lipschitz functions, so 

\\F{ui + Uh) - -^(wi)||L2(R-) + \\G{ui + n?j) - G(ni)||i2(Rn) 

1 (3.6) 

< \\uh\\mR") < jy,pj^l-J K^)-^^llL2(R4). 

This takes care of n = 4. For n = 3 let F{x) = \x\'^^^ and G{x) = ^^^2/3 ■ 

\F{x + y)- F{x)\ + \G{x + y) - G{x)\ < |y|(|x| V3 + |y|i/3). (3.7) 
Therefore, 



\\F{UI + Uh) - i^(Ui)||L3/2(R3) + \\G{UI + Uh) - G'(nO|L3/2(R3/2) 

^/.llL2(R3)(||n,||^/^(j^3) + II^^/.IIl2^(r3)) < ■j;^T^^\\MM%\n"y 



Case 2, M < N : In this case let ui = P<nu and Uh = P>n- By ()3.3p and 



(3.9) 

Using (j3.7p when n = 3, F,G Lipschitz when n = 4, 

(3.10) 

This completes the proof of the theorem. □ 

When n > 4, -u G H^CR^) no longer implies G i7^'*'(R") for any p. 

Instead, it is necessary to rely on a proposition from |24j . 

Proposition 3.2 Let F be a Holder continuous function of order < a < 1. 
For every < a < a, 1 < p < co, ^ < p < 1, 

ll|VrF(n)|U.(R.) < |||«r"'^/l|L.i(Rn)|||V|''n||^^^^^^, (3.11) 

provided l = ± + ±,{l- -^)pi > 1. 
Proof: See [24]. 

Theorem 3.3 Suppose n > 4. If M > N , 

(3.12) 

// M < AT, 

\\P>M . \2-4/J ^L^R^) + \\P>MH^^"'\\L^/2(^^n) < JT IK^)^^IIl2'(R") ' 

(3.13) 

Proof: Let F(x) = and G(x) = ^f^, then F,G e C°'^/"(C). 

Choose ^ = ^-e, /3 = l-5. 

Case 1, M > N: Let = P<mu. 
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ll|Vr«dlL2(R.) < ^^ll(V)/«||i2(R„). (3.14) 



Letp=§,pi = f,p2 = 4^,P2-f = 2. 



ll|Vri^(tii)llL"/2(R") ^ lll'";riL2A(Rn)|||V|%||^^^j^„) 

^i-s-<5 , ^. (3.15) 

<ii(v)/t.iii.(K")(^^T3^r/ii(v)/t^iiK(H:)- 

||P>Mi^(^/)||w^(Rn) < M-(^/"-)iV(^/"-)(i— ^)||(V)Iu||t/';j,„). (3.16) 
Make a similar calculation for G. Since F and G are both Holder continuous, 

\F{ui+Uh)-F{ui)\<\uh\^l'\ 
\G{ui+Uh)-G{ui)\<\uh\'"''. 

This implies, 



(3.17) 



\\F{UI+Uh) - i^(?i;)|Ln/2(R„) + \\G{UI+Uh) - G(uO||in/2(R„) 

Case 2, M < N : In this case let ui = P<nu. In this case 

\\F{UI+Uh) - i^(^^z)||Ln/2(Rn) + \\G{UI + Uh) - G(U/)||J^„/2(R„) 

< ^_ll/T7\r l|4/» ^^"-^^^ 



Also, for(7 = (^-e)(l-(5), 

ll|VrF(nO||w2(R„) + |||VrG(«0llL"/2(Rn) < IKV)/n||J,/';j,„^. (3.19) 
So in this case, 

||P>M-F(u)|L„/2(R„) + ||-P>mG(u)|L„/2(r„) < ^(4/„_,)(i_5) 

(3.20) 

Taking e, 5 > arbitrarily small proves the theorem. □ 
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4 Linear Term for n > 4 

In this section the hnear term (jl.l5p for n > 4. The n = 3 case is put off 
until the next section, due to a technical complication. 

Theorem 4.1 

|/m jJ"*Y(^)[l^^l'/"(^«) - A|n|'/"n)]dxdt| < _i_||(V)/n|||+'^/;;^„). 

(4.1) 

To prove this integrate by parts, 

Im r [ (7A^)[|/u|^/"(/^i) - I{\u\^/''u)]dxdt (4.2) 



-C^^)Im ' j (V/m)(/(|u|^/"Vu) - \Iu\^l''{VIu))dxdt (4.3) 



y(V/.)(/(^^V.) 



|/n|2-4/n 



{VIu))dxdt. (4.4) 



First estimate a slightly modified version of (j4.3p and ()4.4p . approximating 
II-ul^/" by /(|n|4/"). 

Lemma 4.2 Suppose J is an interval. 

|2+4/n 



^ (V/u)(/(|n|^/"Vu) -/(|n|^/")(V/M))(ixdt| < " ^^^■^''"^''(■^xi^^ 



Ar4/n- 

(4.5) 



(V^-)(^(^^V.)-/(^^)(V/n))dxdt| < 

(4.6) 

Proof: The proof of (j4.6p is virtually identical to the proof of (j4.5p , so only 
will be proved. Recall that F{u) = |n|^/" and G{u) = j^^=u^. All 

that will be used to prove (|4.5p is F G C'^'^/"'(C), which is also true for G. 
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i2 , 

(V/u)(/(|ti|^/"n) - I{\u\^/'')iVIu))dxdt 



where S is the hyperplane {Ci + ■^2 + ■^3 = 0} and is the Lebesgue measure 
on S. Make a Littlewood - Paley decomposition and consider several cases 
separately. 

Case 1, N2,N-i << N: In this case the multiplier is = 0. 

Case 2(a), iV2 > >> ^''s : Here iVi ~ iV2. Using the fundamental 
theorem of calculus, 

1^ _ I ^ 1^ _ m{C2 + 6) I < YH^l^^l < ^ 



EllP/V, V/Ull 2n \\Pm^VIu\\ _2ri 

Ar<Ari~7V2 



Applying Theorems 13.11 and 13.31 



^ ^ ^II^AfiV/u||50(JxRn)||PAr2V/M||50(JxRn) 

N<Ni^N2 ^ 

< -'^ ll/T7\ r.,l|2+4/n 



50(JxR")- 



Case 2(b), N3 > N » N2: Making a similar calculation, it suffices to 
estimate 



E 



\PNiVIu\\ _2n \\PN3lF{u)\\^^^n/2f 



12 



N2«N 



Again applying Theorems 13.11 and 13.31 



N<N^r^N3 ^3 ^3 



Case 3, ^ N and N3 > N There are three subcases to consider. 
Case 3(a), Ni ~ N2, N2 » N3: In this case |1 - < 

WPNi'^IuW 2r2n/{n~2), A\Pn2'^Iu\\ _2n 

N<m^N2 * ^ ^ L?L|^{JxR") 

N<N3«N2 ^ ' 
~ E ll^iVi^-^^ll50(JxR")ll-fV2V/M||50(jxRn) 

N<N3«N2 N n A^-j^ " 



Remark: The last sum follows by Cauchy Schwartz. 
Case 3(b), Ni A3, A3 >> A'2: In a similar manner, 



E ll^^l^^"llL2Lr''("-''{JxR")ll^^3^^(^^)lli-LS/2(JxRn) 

X E ;^^II^^^^^^IIl?L-/("-)(JxR") 
Af<Af2«Af3 
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< ll(v)/«|||;tR., E t;^^-- 



^4/„„ ll\^/-'"ll50(JxR")- 

Remark: This proof utilizes the fact that 1 — s < ^ in Theorem 
Case 3(c), N2 ~ N3, N2 > Ni: In this case |1 - ";|^^+|\ | < } 

Ar<Ar2.^Ar3 

m(Afi) 

Ar<Afi<Af2 ^ ^ 

2+4/n In(iV) 



JV<JV2 "l(iV2)^iV3' 



n-2 



When n>4, 2(1 — s) < - since s > This takes care of the lemma. □ 

Remark: It is in this particular case where the above argument would break 
down when n = 3. Therefore, n = 3 requires a different method. 

To finish the proof of theorem 14.11 it remains to prove 

IF{u) + IG{u) 

is a good approximation of 

F{Iu) + G{Iu). 

(V7^)/(|n|^/"Vtx) - |/u|^/"(V/u)(VT^) 

= (V7^)/(|n|^/"Vu) - (V7^)(V/u)/(|n|^/") 
+ (V7u)(V/n)/(|n|^/") - |/'u|^/"(V/u)(Vin), 
and similarly for G{u). 
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Lemma 4.3 

I I |V/n|2[/(|^|4/«) - \Iu\'/-]dxdt\ < _i_||(V)/u|||+^/;:j,„), (4.7) 

I / (^n^(j^) - J^^'-^'\ ^ ^IKV)/n|||;tR^)- 

(4.8) 

Proof: Split the data u = ui + Uh, with ui = P^nu, in particular lui = ui, 

— 4 

and 

lll^'^l'^^llLrLS/^JxR") ^ ^IKV)/n||,0(,,K"). (4.9) 
IF{u) - F{Iu) = [IF{u) - IF{ui)] + [IF{ui) - F{Iui)] + [F{Iui) - F{Iu)], 

IG{u) - G{Iu) = [IG{u) - IG{ui)] + [IG{ui) - G{Iui)] + [G{Iui) - G{Iu)]. 
Since F,G e CO'^/", 

\\F{u) - F{ui)\\ + ||G(n) - G{ui)\\ 

1 (4-^0) 

Similarly, since lui = ui; 

\\F{Iu) - i^(nOII^.^./.(,,^„) + \\G{Iu) - G'(nO||^^.,w.(,^^„) 

1 (4.11) 

^ ];^IK^)-^^llso(jxR"), 

Finally, 

||/(|nn^/") - kd^/"llic«in/2(^^j^„) + Il^(|^^|2i4/n) - |y^|2i4/nllL-L^/2{JxR") 

(4.12) 

by rn-(,^) = 1 on |^| < N, theorems 13.11 and l3.3i This proves the lemma. □ 
Combining Lemma 14.21 and Lemma 14.31 proves Theorem 14.11 □. 
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5 Linear Term for n = 3 

When n = 3, it is necessary to use a different metliod than was used for 
n > 4. 

Theorem 5.1 

J (7A^)[|/n|^/3(/u) - Ii\u\'/\)]dxdt\ < -l-\\{V)Iu\\li]j^^,y 

(5.1) 

Proof: Let u = ui + Uh, ui = P<jv/4'U- Then lui = ui. Integrating by parts, 
I {mi)[\ui\'/^{ui) - I{\ui\^/^ui)]dxdt, 
= j'^' I {VhlM^-\ui\'/'Vni + ^^Vul) (5.2) 



-{l\ui\''/'Vui + ^j^Vui)]dxdt. 



When Ni<N, 



For Ni > N, since Vii; is supported on | < ^ it suffices to estimate 



so, 



§2} < E ]^IKV)^-ll5of.xR") ^ ^IKV)/n||i°f,xH'^). (5.3) 

Ar<Afi 
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Next, use the Taylor expansion, 

f{x + y) = f{x) + / yf{x + Ty)dT. 
Jo 



\Iu\^/'{Iu) = \n,\^/-\+ f \\ui+rlun\"\lun) + | + ^^^^^^ (7^)dr. 

(5.4) 



3 3 \ui + TUh\'^/-^ 

(5.5) 







*2 

(A/M)[/(F(ni + TUh)uh) - F{ui + Tluh)Iuh]dxdt 



ti (5.6) 

As usual, make a Littlewood - Paley decomposition and consider several 
cases separately. It suffices to consider only > N because of the support 

of Uh- 



Case 1, iVi ~ iVs > N, N2 « N: 



t2 

I (\£^\'^Iu(t.^^))\m(£o + £i)F(u, + TUh)(t.(o)uL(t.(-,) 

(5.7) 

m{C3)Fiui + TUh){t,^2)(hrh)it,^3Mdt 



hM = r I i\ii?Mt,ii))[rn{i2+i3)F{ui+TUh){t,i2)uh{t,iz 



t2 

{\iiflu{i,ii))m{i3)[F{ui+TUh){t,i; 



hi Jt, {5.i 
-F{ui + Tluh){t,^2)](hrh){t,C3Mdt. 

For (j5.7p . using the fundamental theorem of calculus, 

\m{N2 + N,)-m{Ns)\< ^''^^^'\ 
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II A II "^(^3)11 

2^ ||P/ViA/n||^2i6(JxR3)^^||PiV3^^h||L2i6(JxR3) 



N2«N 



,10/3 V- mn{N) ^ 1 1,,^,,^, 1,10/3 

lsO{JxR3) 

Ar<Ari~A 

by theorem 13.11 To estimate (j5.8 



+ TUh) - F{ui + Tluh)\ < 1(1 - I)uh\{\ui\^/^ + 

therefore, 

(5.9) 

In(A^) 4/3 A''i 

7V<Afi~Af3 ^ 

< ^_||/V\7'7/,lll°/A 



]^IKv)/n||--,^3). 



Remark: Summing in A'^i ~ N3 follows by Cauchy- Schwartz. 

Case 2: Ni,N2,N3 > TV In this case consider I{F{u)uh) and F{Iu){Iuh) 

separately. 

Case 2(a): Ni N3 » N2 > N For the I{F{u)uh) term, m(^2 + 6) ~ 
771(^3). Using theorem again. 



Yl ll^^i^^^llL?L6(jxR3)II^JV3/^i|lL2L6(jxR3) Yl ' ' ^^^^ ^^^^ ' ' L^^ ( Jx R3) 

Af<Afi~Ar3 N<N2«N3 

< IKV)/n||J/^(^^j^3) ^ll^^iV/n||i2^6(jxR3) 

Af<Afi~Af3 
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N<N2«N3 2 



For the F{Iu){Iu) term, 



||^'^lA/u||i2^B(JxR3)||P7V3/^^||L2L6(JxR3) ^ ' ' ^(^^) 1 1 ic^^/^ ( Jx R3) 

N<Nir^N3 N<N2«N3 



Af<Afi~Af3 

x||P^3V/n||i2i6(JxR3) E ]^ 

Af<Af2«Af3 



< 1 



-|KV)/u||50(JxR3)- 



Case 2(b): iVi ~ >> A^g > iV In this case m{(,2 + 6) ~ To 
estimate 



r [ E (^'7V,A/u)(P^,/F(n)) E (^^3^/»)> (5.10) 

*i N<Ni^N2 N<N3«Ni 

there is a sHght technical comphcation due to the fact that Cauchy - Schwartz 
is not available for Pj^^IF{u) (§3 only proved an estimate on the decay of 
Pj\f2lF{u), it did not prove IF{u) e F1'3/2(r3)). Therefore, it IS necessary 
to utilize the bilinear estimates of theorem 12.31 Interpolating 



(MD< E E ll(^iViA/n)(P^37X;,)||^4/3^,(^^j,3)ll^'^2^^MllLfL|{JxR3)- 

N<Nir^N2 N<N3«N * 

with the bilinear Strichartz estimate 



(P^,A/n)(P^3n,)||,2^(,,^3) < C{5)^j^ ^^^^^^ 
x(IKV)/n|||o(,xR3) + IKV)/n||^y(;^,^3)). 
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T,pt - — ^ 



Aje—Se AT- 

Suppose I J| < N°' for some a, 



\\{PN,AI^){PNsUh)Li/3 



L*'"L2(JxR3) 



^3 ^^^1 /|l/T7\r.,l|2_ _ ^ ll/V7\r.,l|2+lW3 



iV<iVi~iV2 -'*2-'vi N<N3«N2 



^ IKV)^Hiy.xR3) ^ ■ 



Letting e \ proves the claim. 



Remark: In §7 we will rescalc to make || (V)/u||50(jxr3) < 1, so it will 

l-8e/3 
'{JxR3) 



not be necessary to worry about the IKV)/ti|||.^?J^^j^3N term here, since it 



will be < IKV)/u||^o(jxR3)- This rescaling will rescale the interval [0, To] to 



[o,iv^ro],so|j|<iv". 

For the F{Iu){Iuh) term, 

ll^^(^^)llL-Lr{JxR3) ~ ll^^"lliri2(j^R3)- 

E ||PiViA7u||i2^6(JxR3)||PAr2-F(i"u)||^oc4/2 

N<Nir~.N2 * 

^ m \\PN3lUh\\L2L%{JxRS) 
N<N3«Ni 

< T7ll(V)/u||50(jxR3) Yl wWPn^VIuW L?L|(JxR3) 11-^^2 VP(/'U) 11^^ ^3/2 



N<Nir^N2 
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< -^\\{V)Iu\\f' 



In this case F{Iu) G H^^^/'^{'R^), so it is possible to use Cauchy - Schwartz. 
Case 2(c), A^2 ~ > A^i > For the I{F{u)uh) term, use the fact that 

l|-P/V3^^h|lL2L6{JxR3)l|-P/V2i^M||^co4/2(jxR3) 1 1 -^JVi A J^U 1 1 ^2^6 ( R3 ) 

7V<Af2~Af3 N<Ni<N2 



N<N2r~^N3 3 2 N<N-i<N2 



7V<Af2 ~ ^ 



For the F{Iu){Iu) term, 

E l|-f'-'V3-^"/l|lL2L6(JxR3)||PAr2i^(^^i)||^c«j^3/2^_^^j^3^ ^ 1 1 -PAfl A/n] | ^2^6 ( Jx R3) 

N<N2-^N3 * Af<Afi<Af2 

^ iKv)/Hi^^(,xR3) E ]^ E ^1 

N<N2^N3 N<Ni<N2 



< 



A similar calculation can be made for the G term. This proves Theorem 
EH □ 
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6 Nonlinear Estimate 

Having dealt with (jl.l4p . we turn our attention to (jl.l5p . 
Theorem 6.1 

/(|^i|4/«u)(/(|n|^/"n) - |/u|^/"(/M))(ixdt| < 



ti 



^||(V)/u||^i/A „3., when n = 3; ^^'^^ 



-^^||(V)/n|||||^j"j^3j, whenn>4. 

Proof: For simplicity of notation let cr{n) be the exponent for N in (j6.ip . It 
suffices to prove 



m\n\^/-n) - |/nr/"(/n)||^.^(,,K") < j;^mMl-'o'i:^.y (6-2) 
since 



As in the linear case, the quantity in (16.21) will be split into a main term and 
a remainder term. This time, we will deal with the remainder term first. 

Lemma 6.2 

||P^|4/n _ \u\'hiln)hijj.n'^) < ^imMlt'ilnr^y (6.3) 
Proof: First consider n > 4. 

< ||/u|| ^ 
Let = P<NU, since G C°'^/^, 

|4/n _|_ 1^,, |4/n | 

IL^L"''^{JxR'') 



22 



<-l-IKv)/u||^;tR.r 

iV n 

For Ti = 3, 4, 

||[|7^|4/n_|^|4/n](^^)|| < ||^^|| II l/^l^/"- |L.^„(^,r„) 

When n = 4, 

IIM-HII 

When n = 3, 

ll|/«r/'-H'/'llL?L3(JxR") 

1/3 1/3 

^ (II^^^/i|Il2L|(JxR3) + lh/lllL2L6(JxR3))(||'U/||^oc.i2(JxR3) + II II L-i2 ( J^RS) ) 

Now we tackle the main term. 
Lemma 6.3 

ll/(l..l^/-.x) - (|u|^/")(/u)iL2^(^,R„) < ^ii(v)/u||^+^/;;j,„). (6.4) 

Proof: Let 

fit,0= [ K6 + 6)-m(6)]i^)(i,6M«,6)tie2. (6.5) 

As usual, make a Littlewood - Paley decomposition. 

Case 1, N2, Ns « N: In this case m(^2 + Cs) - ^(^3) = 0. 

For the remaining cases, to simplify notation, let pi = 2, qi = p2 = 00, 
g2 = § when n > 4 and pi = 00, = p2 = 2, q'2 = 't- when n = 3, 4. 
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Case 2, N2 > N,N3 « N: In this case \m{N2 + N3) - m(A^3)| < 1. By 
Theorem 13.11 and the Sobolev embedding theorem, 

N2>N N3«N 



N<N2 ~ ^ 



Case 3, N2 « N, N-^ > N: In this case use the fundamental theorem of 
calculus, 



^ N3 

Again by Theorem I3.H Sobolev embedding, 



Af<Af3 N2«N 



^ll^^)^^llsO(ixR") E ]^ E ^ 

Na>N N2«N 2 



< J-IKV)/«||!+^/- 



Case 4, N2,Ns> N: In this case, 

||P>Jv/u||i^li«(JxRn)||P>wi^(n)||^P2^.2(jxR„) (6.6) 

< ||V/?i||50(JxRn)||P>ArF(M)||^P2^92(jxR„) (6.7) 
1 

Therefore, it remains to tackle ||/(|n|^/"n)||j;^2 (jxr^)- 

24 



<]^iKv>i^iiS('i::H.)- (6. 



Case 4(a), N2 » N3: In this case m{N2 + N3) ~ m{N2). 

m{N2)\\PN2Fiu)\\^P2Lmjy,n") Yl ll^-/V3^^|lL^lL^l(JxRn) 

N2>N N<N3<N2 

m(iV2) N^-' 



2 N<N3«N2 
^]^IKV)/-ll50(tR")- 



Case 4(b), iV2 << N3: In this case m{N2 + iVa) ~ miNs). Choose g{t,x) 
such that x)||j;^2 (jxri) = 1- Then decompose 

' 9{t,0fit,0dC (6.9) 



XI ll-f'A'ifi'llL2 JJxR")ll-PiV3^^^llLfiL^i(JxR") X] ll-fA^2-^(^^)llLf2L«{JxR") 
iVi~Af3 ' N<N3«N2 

^\\i^)Mso}j^-Rr^) Yl ll^-^l5llL2jJxR")ll^-W3V/u||50(JxRn) ^asj^a(l-s) 

A^i^A^a N<N2«N3 2 

^]^IKV)/n|li;tR"), 

using Cauchy- Schwartz. 

Case 4(c), ~ -/V3: In this case use the Sobolev estimate 

IIA|nr/"n)k2^(^xR'^)<l|V/(|H^/"t.)|| ^ ^ . (6.10) 

In this case \N2 + N3\m{N2 + iVg) < m{N3)\N3\. 

V ||-PAr2-F(n)|| „/2. llPATaV/ull ^ 
N<N2r^N3 * " (JXK j 

This completes the proof of Lemma 16.31 and consequently Theorem 16.11 □ 
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7 Proof for n > 4 

The interaction Morawetz estimates will be stated without proof. 
Theorem 7.1 Suppose u solves then 



n — 2 



''^ll 2{n-l) 5JI^0ll r'2^^^5n^ lllill " ^ ■ U7 ■ (7.1) 



L;'--^'L,"-- (JxR") 

In addition, suppose J = [0, T], 



\u\\ ^ 2(^ ^r^'"-^MI^o|liV)||n||"- (7.2) 



Proof: See ^ for n = 3, [20] for n > 4. 

A local well-posedness result is also needed. 

Theorem 7.2 There exists e > such that if 

\\u\\ < (7-3) 

and ||V/wo||l2(r^^) ^ 1? then 

\\{V)Iu\\ (7.4) 
Proof: Let J = [a,6]. A solution to (jl.ip satisfies Duhamel's formula, 

In(t, x) = /e*(*-'^)^u(a) + r e*(*-")^/(|n(r)|^/"n(r))dT. (7.5) 
Make the Strichartz estimates, 

||(V)/n||50(jxR") < IKV)/uo||l2(r„)+||(V)/u|| ^ |||n|^/"|| 

< |KV)/no||i2(R„) +6^/"|KV)/n||50(jxRn). 
So by the continuity method, for e > sufficiently small, 

|KV)/n|| (7.6) 
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□ 

Proof of Theorem \1.3l ' 



J \VIuo{x)\'^dx < Ar2{i-^)| 



By the Sobolev embedding theorem, //"+4'^(R") c L^"'"^/"'(R"), so for n > 
4, 

'"i/^o(x)|2+4/"dx<choii?;(4"). 

Next, fix an interval [0, Tq]. Rescahng, 

\\uo,x{x)\\hs(ii^) = A"''||-uo||^s(R,n)- (7.7) 
Therefore, choose A = C'(||no||H=(R" 

))N^ such that E{Iuo,x) < ^- This 

also proves |A^To| < A^". 
Define a set 

W = {t€ [0, A^To] : E{Iux{t)) < (7.8) 

We aim to prove W = [0, X^Tq] for s > Now € and W is closed, 
so it suffices to show W is open in [0, A^Tq]. Suppose W = [0, T] C [0, A^Tq], 
then there exists 5 > such that E{Iux{t)) < 1 on [0,T + 5]. 

Next, apply the Morawetz estimates. 

||P<7v'u(t)||^i/2(R„) < ||-P<iv^^(i)ll^f(R„)ll'"o|l!^(^(Rn). (7.9) 

l|-P>iV^^(*)llijl/2(Rn) < \\P>NU{t)\\]^^'^^^\\uof~2l^ny (7.10) 

So if mo = ||^io||L2(R"); then combining Theorem [7]ll properties of the I - 
operator, and E{Iux{t)) < 1 on [0, T + S\] 



11^(011 _ 21^ < C{mQ). (7.11) 

Then by (17:2]) . 



^2(n-i)^-;i=^ ([0,T+<5]xR") 



n — 2 



4(„-i) < A^ro*("-^^C(mo). (7.12) 

" L."-" (JxR") 
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Partition [0, T + 5] into 



n-2 



n-2 4(n-l) 

rc7A5{^rn'"~''l^r^ 2(n-2)(i-.) ("-^xi-^) 

i Q J ^ ^ — rp ns 

4(n-l) -^0 

e " 

subintervals with ||u|| 4(„_i) 2(n-i) < e on each subinterval. Com- 

bining this with the estimate for the energy increment, 

1 2(n-2) 1-s 4 , 

\E{Iux{t))\ <- + CN— ^ • N-n+T^ . 

When s > choosing N sufficiently large, 

E{Iu,{t)) < ^. 

Therefore, W is both open and closed in [0, A^Tq], and W = [0, A^Tq]. 
Remark: It suffices to choose 

ns I (n-2)(l-3) ns , 

-/V > (4C)2('"-("-2)) (Tq )2(ns-(n-2))"^_ 

Since A = CoN « and 



sup < c'To^"--'"'^" , (7.13) 

[0,To] 



and the proof is complete. □ 



8 Almost Morawetz Estimate for n = 3 

Since we wish to prove global well-posedness for s > |, it is not enough to 
use 

IMlIJJx-RS) ^ II^IIl^oo^1/2(JxR3)II^^0|Il2(r3). 

Instead it is necessary to use almost Morawetz estimates in n = 3. (See [5], 
[To] . [13] for a discussion of the n = 2 case, [12] for the n = 1 case.) 
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Theorem 8.1 Suppose u solves the equation 

iut + A« = \u\'^/'\, (8.1) 
Suppose also that [0, T] = U^^^Jfe. 

1 ^ 

^([0,T]XR3) - ll^0||i2(R,3)||/^i||ioc^l(R3) + ll^-^"llso'(JfcXR3)• 
fe=l 

(8.2) 

Proof: Suppose v satisfies the partial differential equation 

ivt + Av = F. (8.3) 

Let 



Toj = 2Im{v{t, z)djv{t, z)), (8.4) 



Ljk = -djdkiHt^ ) + ^Reidjv{t, z)dkv{t, z)), (8.5) 



dtToj + dkLjk = 2{F{t, z)djv{t, z) ~ v{t, z)djF{t, z) 



(8.6) 



+F{t, z)djv{t, z) - v{t, z)djF{t, z)), 
Let v{t, z) be the solution on x given by the coordinates (x, y) = z, 

v{t,z) = Iu{t,x)Iu{t,y). 

Then v{t,z) solves the equation 

idtv{t, z) + A,v{t, z) = I{\u{t, x)\^/\{t, x))Iu{t, y) 
+Iu{t,x)I{\u{t,y)fMt,y))- 

Next define the Morawetz action, 

M®^{t)= f dja{z) ■ Im{v{t,z)djv(t^)dz, (8.8) 
with a{z) = \x — y\. 

dtMf^ (t) = [ dja{^)dtToj (t, z)dz 
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j [dkLjkit,z)]dja{z)dz 



2 / [F{t, z)djv{t, z)-v{t, z)djF{t, z)+F{t, z)djv{t, z)-v{t, z)djF{t, z)]dja{z)dz. 



dtMf'{t)= djkk{\v{t,z)\^)d,a{z)dz (8.9) 

-ij dkRe{djv{t, z)dkv{t, z))dja{z)dz (8.10) 



+2 j [F{t, z)djv{t, z) - v{t, z)d,F{t, z) 

+F{t, z)djv{t, z) — v{t, z)djF{t, z)]dja{z)dz. 

Integrating by parts three times in (18.90 . and using the identity AA|x — y| = 
—d{\x — y\) in R^, 

ndjkk{\v{t, z)\'^)dja{z)dz 
_!.3xR3 

= 6i\x-y\)\Iu{t,x)\^\Iuit,y)\''dxdydt (8.12) 

Jo JR3xR3 

rT 



[ [ \Iu{t,x)\^dxdt. 

Jo iR3 



Integrating (|8.10p by parts once, 



-4 / / dkRe{djv{t, z)dkv{t, z))dja{z)dz 

Jo JR3xR3 



(8.13) 



= 4 / / Re{djv{t, z)dkv{t, z))djka{z)dz. 

Jo JR3xR3 

Q n i\ ^jk {x-y)j{x-y)k 

^^■'^^'""''^^R^ |X-,|3 • 

This quantity is a positive definite matrix. 

^jk {x -y)j{x -y)k _ \v\'^ {v-{x-y)f 



'"j^k = 1 r . To — > 0. 



la; — 7/1 |x — — 2/1 |a; — 

This proves in particular that the quantity ()8.13p is > 0. 
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Split F = Fg + Fb, with 

Fg = \Iu{t, x)\'/^Iu{t, x)Iu{t, y) + \Iu{t, x)Iu{t, y). 

Fb = F-Fg. 

Now for (jS.lip . without loss of generality let j = 1, 2, 3. 

\Iu{t, y)\^/^Iu{t,y)Iu{t,x)dj{Iu(t, x)Iu{t, y)) 
+ \Iu{t, yt/^Iu{t, y)Iu{t, x)dj {Iu{t,x)Iu{t,y)) = dj{\Iu{t, y)\''>/^\Iu{t, 
This cancels with the term 

-Iu{t,x)Iu{t,y)dj{\Iuit, y)\^/^Iu{t, y)Iu{t, x)) 
-Iu{t, x)Iu{t, y)dj{\Iu{t, y)\^/^Iu{t,y)Iu{t,x)) = -d,{\Iu{t, y)\''>/^\Iu{t, x)\^). 
On the other hand, 

\Iu{t, x)\^/^Iu{t,x)Iu{t,y)dj{Iu{t, x)Iu{t, y)) 
+\Iu{t, x)Iu{t, y))djlu{t,x)lu{t,y) 

-Iu{t,x)Iu(t,y)dj{\Iu(t, x)f^^Iu{t, x)Iu{t, y)) 
-Iu{t, x)Iu{t, y)dj{\Iu{t, x)\'^/^Iu{t,x)Iu{t,y)) 

= -2\Iu{t,x)\^\Iu{t,y)\'d,\Iu{t,xt/^ = =^d,{\Iu{t,y)\'\Iu{t,x)\''/^). 
Integrating by parts, 

All this together proves (|8.1ip with F replaced by is > 0. 

To evaluate (18. lip with F replaced by Fb, there are terms of the form 



IjJ idjlu{t,x)) ^^^^^ 

x[\Iu{t,x)\'^/''^Iu{t,x) - I{\u{t,x)\'^/^u{t,x))]dxdydt, 



terms of the form 



xdj[\Iu{t, rE)|^/3/u(t, x) - I{\u{t, x)|^/^n(t, x))]dxdydt, 



and also terms of the form 



Ij J ^^"'^^ ~ x){djlu{t, x))Iu{t, y) 

X [\Iu{t, yt/^Iu{t, y) - I{\u{t, yf^u{t, y))]dxdydt. 

To evaluate a term of the form (jS.lSp . let ui = P<NjwU and ui + Uh = u. 
Then lui = ui, and 



Also, 

\\u\'^\-\ui\'/\i\<Mui\''/' + \uf,\y^ 



so 



m\u\'/'u) - \Iu\'/'(Iu)\\^,^^,,^^^^,^ < ^miu\\%]^^^,^. (8.18) 

For a term of the form (|8.16p . integrate by parts. Then (|8.16|) is equal to an 
integral of the form (|8.15p , as well as a term of the form 

^ j djja{x-y)\Iu{t,y)\'^Iu{t,x) 
X [\Iu{t, x)\^/^Iu{t, x) - I{\u{t, x)\^/^u{t, x))]dxdydt. 
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\Iu{t,y)\'^djja{x - y)dy 
is controlled by a term of the form 

/ < IKv)/n(t,2/)||ioo^.(i,3). 

When \x — y\> 1, |Aa(x — y)\ < 1, so 

sup / \Iuit, y)\^Aaix - y)dy < 3 (8.20) 

t,x J\x-y\>l ' ' 

On — y| < 1, 

/ - ll^^lliri|(^xR3) < mMl^LUJxn^y (8.21) 

Therefore, 

(EH]) < |||/u(t,:E)|4/3/n(t,x) -/(|n(t,x)|4/3n(t,x))||^,^6/5(^^j,3) 

x||/^/(t,x)||i2i6(JxR3)|KV)/M|||o(JxR3) 

Finally, 

dja{x, y)Iu{t, x){djlu{t,x))luit, y)[|/u(t, y)|^/=^(/u(t, y))-/(|tx(t, y)|^/3^(t, y))] 



(JxR3) 



'J 



< IKV)/n||i^^^.(^,j,3)||/n||^.^a(^xR3)||/(|tx|^/^n) - |/nr/3(/n)||^,^e/, 



Putting this all together, 
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/O JR3 , 

''is 



(8.22) 



M®2(i)| = I / Iu{t,x)Iu{t,y)dj{Iu{t,x)Iu{t,y))dxdy\ 

^R3xR3 (8.23) 

< ||V/M||ioci2||/u|||c»i2, 

and Theorem 18.11 is proved. □ 

9 Proof for n = 3 

First prove a local well-posedness result. 

Theorem 9.1 There exists e > such that if \\Iu\\s/3ja,j < e, ||V/uo||i2/j^3') < 
1, then (j j. j|) /las a /oca/ solution with 

|KV)/n||50(jxRn) < 1. (9.1) 

Proo/.' 

II''IIl«/^L4(JxR3) ^ ll^<^^llLf/«L4(JxR3) + II^>^"IIl»/«L4(JxR3) 

< l|/^^ll^8/3^4(JxR3) + ^IK^)^^IIlPl4(JxR3)- 

IKV)/u||50(jxR3) < IKV)/no||L2(R3)+|KV)/n||50(jxR3)(e+^|KV)/n||50(jxR3))^/3_ 

(9.2) 

Therefore, by the continuity method, |KV)/ii||50(jxR3) < 1. □ 



Proof of Theorem \1.4\ ' In this case, 

I \VIuoix)\^dx<N^('-^^\\uo{x)\\%^^,y 
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Once again, choose A = C{\\uo\\fjs(j^n^)N~ such that E{Iuo^\{x)) < ^. 
Define the set, 

W = {t: E{Iux{t)) <j}c [0, A^To]. (9.3) 
OeW,Wis closed. Suppose W = [0, T], there exists 6>0 with E{Iux{t)) < 

1 on [o,r + 5]. 

Lemma 9.2 If E{Iux{t)) < 1 on [0,T + S], 



3C 

||/«A(i)|li4^([0,T+5]) < -Y^^l (9-4) 



Proof: Let 

- = -P{^^ll^«A|li.^([0,flxR3)<^}- 



If r < T + (5, then 



II^^A(i)lli4^([o,.])<^"^o, (9.5) 
and there exists some 6' > such that 

\\lMmll^ilo,r+5'])^'^Cml (9.6) 
Then [0, r + S'] can be partitioned into 

4 ^ ,'0/^^8/3x2/3^^1/3^8 



< (r + ^0^/^l|/-A|lt4 ,o..+.xR3) < (2C)«/3AV3yo' 



subintervals, and on each subinterval Jk, \\Iux\\j.8/3j.^,j „s\ ^ 

||(V)In||so(j,,R3)<C". (9.7) 
Applying the almost Morawetz estimate of the previous section, 

so for s > |, take N > , 

3C 

\\I^^\\lu[0,r+5']) < (9-9) 
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Therefore, t = T + 5. □ 

Returning to the proof of the theorem, 



||/nA||^8/3^4([o,T+5]xR3) ^ (^'^0)'/'||/«a||l4^([0,T+5]xR3)- (9.10) 

Therefore, [0, T + 5] can be partitioned into < }?/'^T^^^ subintervals Jk with 



E{Iuy^{t)) <- + 



1 CA2/3ro'/3 



2 iVi- ■ 

_^ \- 

Again, choosing some N > T^"^'^ with a possibly bigger constant, 

E{Ium < I 

This impUes W = [0, A^Tq]. It suffices to take N > Tg^"^, so 

II^WIIh^r^) ^^0^^- (9-11) 

This concludes the proof of Theorem 11.41 □ 
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